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Arnold diffusion for cusp-generic
nearly integrable convex systems on A3
Jean-Pierre Marco ˚
Abstract
Using the results of [Mar] and [GM], we prove the existence of “Arnold diffusion
orbits” in cusp-generic nearly integrable a priori stable systems on A3.
More precisely, we consider perturbed systems of the form Hpθ, rq “ hprq`fpθ, rq,
where h is a Cκ strictly convex and superlinear function on R3 and f P CκpA3q, κ ě 2.
We equip CκpA3q with the uniform seminorm
}f}κ “
ÿ
kPN6, 0ď|k|ďκ
}Bkf}C0pA3q ď `8
we set Cκb pA
3q “
 
f P CκpA3q | }f}κ ă `8
(
, and we denote by Sκ its unit sphere.
Given a “threshold function” ε0 : S
κ Ñ r0,`8r, we define the associated ε0-ball as
B
κpε0q :“
 
εf | f P Sκ, ε P s0, ε0pfqr
(
,
so that Bκpε0q is open in C
κ
b pA
3q when ε0 is lower semicontinuous.
Given h as above, an energy e ąMin h and a finite family of arbitrary open sets Oi
in R3 intersecting h´1peq, we prove the existence of a lower semicontinuous threshold
function ε0, positive on an open dense subset of S
κ, such that for f in an open dense
subset of the associated ball Bκpε0q, the system H “ h` f admits orbits intersecting
each open set T3 ˆOi Ă A
3.
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1 The main results
We denote by An “ Tn ˆ Rn the cotangent bundle of the torus Tn. This paper is the
last step of a geometrical proof of the existence of Arnold diffusion for a “large subset” of
perturbations of strictly convex integrable systems on A3. It relies on the results of [Mar]
and [GM]. Two different approaches are developped in [KZ] and [C].
1. Before giving a precise statement, let us quote the initial formulation of the diffusion
conjecture by V.I. Arnold, from [Arn94]. “Consider a generic analytic Hamiltonian system
close to an integrable one:
H “ H0ppq ` εH1pp, q, εq
where the perturbation H1 is 2π-periodic in the angle variables pq1, . . . , qnq and where
the nonperturbed Hamiltonian function H0 depends on the action variables pp1, . . . , pnq
generically. Let n be greater than 2.
Conjecture. For any two points p1, p2 on the connected level hypersurface of H0 in
the action space, there exist orbits connecting an arbitrary small neighborhood of the torus
p “ p1 with an arbitrary small neighborhood of the torus p “ p2, provided that ε ą 0 is
sufficiently small and that H1 is generic.”
2. The formulation of the conjecture is rather imprecise and we first have to clarify our
framework. We are concerned with the case n “ 3 only and we restrict ourselves to finitely
differentiable systems. Moreover, we adopt a setting close to that introduced by Mather
in [Mat04], which we now describe with our usual notation.
Let pθ, rq be the angle-action coordinates on A3, and let λ “
ř
3
i“1 ridθi be the Liouville
form of A3. The Hamiltonian systems we consider have the form
Hpθ, rq “ hprq ` fpθ, rq, pθ, rq P A3, (1)
where the unperturbed part h : R3 Ñ R is a Cκ (κ ě 2) Tonelli Hamiltonian, that is, h is
strictly convex with superlinear growth at infinity. Here we therefore relax the genericity
condition initially imposed by Arnold.
We want to find Cκ Hamiltonians H which admit diffusion orbits intersecting pre-
scribed open sets in their energy level. More precisely, we start with a Tonelli Hamilto-
nian h and fix an energy e ą Min h, which is therefore a regular value of h whose level
set h´1peq is diffeomorphic to S2. We then fix a finite collection of arbitrary open sets
pOiq1ďiďi˚ in R
3, which intersect h´1peq. Given H P CκpA3,Rq, a diffusion orbit associ-
ated with these data is an orbit of the system generated by H which intersects each open
set T3 ˆOi Ă A
3.
Our problem is to prove the existence of a “large” set of perturbations f for which (1)
possesses such diffusion orbits. We equip CκpA3,Rq with the uniform seminorm
}f}κ “ Max
0ď|k|ďκ
Sup
xPA3
Bkfpxq ď `8, (2)
and we set
Cκb pA
3,Rq “
 
f P CκpA3,Rq | }f}κ ă `8
(
, (3)
so that
`
Cκb pA
3,Rq, } }8
˘
is a Banach algebra. Let Sκ and Bκpρq stand for the unit sphere
and the ball with radius ρ centered at 0 in Cκb pA
3,Rq. Given a “threshold function”
ε0 : S
κ Ñ R, one introduces the associated generalized ball:
B
κpε0q :“
 
εu | u P Sκ, ε P s0, ε0puqr
(
. (4)
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Observe that Bκpε0q is open in C
κ
b pA
3,Rq when ε0 is lower-semicontinuous.
3. The main result of this paper is the following.
Theorem 1. Consider a Cκ integrable Tonelli Hamiltonian h on A3. Fix e ą Min h
together with a finite family of arbitrary open sets O1, . . . , Om which intersect h
´1peq.
Then for κ ě κ0 large enough, there exists a lower-semicontinuous function
ε0 : S
κ Ñ R`
with positive values on an open dense subset of S κ such that the subset of all f P Bκpε0q
for which the system
Hpθ, rq “ hprq ` fpθ, rq (5)
admits an orbit which intersects each T3 ˆOk is open and dense in B
κpε0q.
Sκ
Bκpε0q
Figure 1: A generalized ball
4. Our approach consists in proving first the existence of a “geometric skeleton” for
diffusion and then to use this skeleton to produce the diffusion orbits. Let us informally
describe our method (the precise definitions were introduced in [Mar] and [GM], they are
recalled in Section 2).
The main objects constituting the skeleton are 3-dimensional invariant cylinders with
boundary, diffeomorphic to T2ˆr0, 1s, which are moreover normally hyperbolic and satisfy
several additional properties, and which we call admissible cylinders. We also have to
consider admissible singular cylinders. These cylinders and singular cylinders contain
particular 2-dimensional invariant tori, which we call essential tori, and admit homoclinic
correspondences coming from the homoclinic intersections of the essential tori.
Finally, we define an admissible chain, as a finite family pCkq1ďkďk˚ of admissible
cylinders or singular cylinders, with heteroclinic connections from Ck to Ck`1, 1 ď k ď
k˚ ´ 1, which satisfy additional dynamical conditions.
The main result of [Mar] is the following.
Theorem [Mar]. Consider a Cκ integrable Tonelli Hamiltonian h on A3. Fix e ą Min h
and a finite family of open sets O1, . . . , Om which intersect h
´1peq. Fix δ ą 0. Then for
κ ě κ0 large enough, there exists a lower-semicontinuous function
ε0 : S
κ Ñ R`
with positive values on an open dense subset of S κ such that for f P Bκpε0q the system
Hpθ, rq “ hprq ` fpθ, rq (6)
3
admits an admissible chain of cylinders and singular cylinders such that each open set
T
3 ˆOk contains the δ-neighborhood in A
3 of some essential torus of the chain.
Still, admissible chains need not admit diffusion orbits drifting along them. In [GM] is
introduced the more refined notion of good chains of cylinders. A δ-admissible orbit for a
good chain is an orbit which intersects the δ-neighborhood (in A3) of any essential torus
of the chain. The main result of [GM] is the following.
Theorem [GM]. Let H be a C2 proper Hamiltonian on A3 and let e be a regular value
of H. Then, for any good chain of cylinders contained in H´1peq and for any δ ą 0, there
exists a δ-admissible orbit for the chain.
5. Taking the previous two results for granted, Theorem 1 is an easy consequence of the
following perturbative result, whose proof constitutes the main part of the paper.
Theorem 2. Let H be a Cκ proper Hamiltonian on A3 and let e be a regular value of H.
Fix δ ą 0 and assume that H admits an admissible chain pCkq1ďkďk˚. Then for any α ą 0
there exists a Hamiltonian H P CκpA3q with
}H ´H}κ ă α (7)
such that pCkq1ďkďk˚ is a good chain at energy e for H, such that each open set T
3 ˆOk
contains the δ-neighborhood in A3 of some essential torus.
6. We recall the necessary definitions from [Mar] and [GM] in Section 2. We state in
Section 3 a perturbative result for the characteristic foliations of the stable and unstable
manifolds of a normally hyperbolic manifold, which is the main ingredient for the proof of
Theorem 2. In Section 4 we prove Theorem 2, from which we deduce Theorem 1 thanks
to the previous two results of [Mar, GM]. We recall some necessary results on normally
hyperbolic manifolds in Appendix A.
2 The setting
The Hamiltonian vector field associated with a C2 function H will be denoted by XH and
its Hamiltonian flow, when defined, by ΦH .
2.1 Normally hyperbolic annuli and cylinders
We introduce the main objects of our construction, that is, normally hyperbolic 3-dime-
nsional cylinders and singular cylinders with boundary. We refer to [Cha04, Ber10a] for
direct presentations of the normal hyperbolicity of manifolds with boundary. Here we will
recall the definitions of [Mar] (to which we refer for more details), which take advantage
of the existence of invariant 4-dimensional symplectic annuli containing the cylinders in
their relative interior. These annuli will moreover play an essential role in the definition
of the intersection conditions in the next section.
1. A 4-annulus will be a Cp manifold Cp diffeomorphic to A2, with p ě 2. A singular
annulus will be a (4-dimensional) C1 manifold C1-diffeomorphic to Tˆs0, 1rˆY, where Y
is (any realization of) the sphere S2 minus three points.
2. A Cp cylinder is a Cp manifold Cp-diffeomorphic to T2 ˆ r0, 1s, so that a cylinder is
compact and its boundary has two components diffeomorphic to T2. A singular cylinder
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is a C1 manifold C1-diffeomorphic to TˆY, where Y is (any realization of) the sphere S2
minus three open discs with nonintersecting closures. Our singular cylinders will moreover
be of class Cp, p ě 2, in large neighborhoods of their boundary (which admits three
components, diffeomorphic to T2).
3. We endow now A3 with its standard symplectic form Ω, and we assume that X “ XH
is the vector field generated by H P CκpA3q, κ ě 2. Following [Mar], we say that an
invariant 4-annulus A Ă A3 for X is normally hyperbolic when there exist
‚ an open subset O of A3 containing A ,
‚ an embedding Ψ : O Ñ A2 ˆ R2 whose image has compact closure, such that Ψ˚Ω
continues to a symplectic form Ω on A2 ˆ R2 which satisfies (Appendix A (85)),
‚ a vector field V on A2 ˆ R2 satisfying the assumptions of the normally hyperbolic
persistence theorem, in particular (83), together with those of the symplectic normally
hyperbolic theorem (Appendix A) for the form Ω, such that, with the notation of this
theorem:
ΨpA q Ă AnnpV q and Ψ˚Xpxq “ V pxq, @x P O. (8)
Such an annulus A is therefore of class Cp and symplectic. We define normally hyperbolic
singular 4-annuli, with in this case p “ 1. One easily checks that annuli and singular
annuli are uniformly normally hyperbolic in the usual sense. In particular, they admit
well-defined stable, unstable, center-stable and center-unstable manifolds. The stable and
unstable manifolds are coisotropic and their characteristic foliations coincide with their
center-stable and center-unstable foliations
4. With the same assumptions, let e be a regular value of H. Here we say for short
that an invariant cylinder (with boundary) C Ă H´1peq for XH is normally hyperbolic
in H´1peq when there exists an invariant normally hyperbolic symplectic 4-annulus A for
XH , such that C Ă A XH
´1peq. Any such A is said to be associated with C .
We say for short that a singular cylinder C‚ Ă H
´1peq is invariant for XH when it is
invariant together with its critical circles. We say that C‚ normally hyperbolic in H
´1peq
when there is an invariant normally hyperbolic symplectic singular annulus A‚ for XH
such that C‚ Ă A‚ XH
´1peq. Any such A is said to be associated with C .
One immediately sees that normally hyperbolic invariant cylinders or singular cylin-
ders, contained in H´1peq, admit well-defined 4-dimensional stable and unstable manifolds
with boundary, also contained in H´1peq, together with their center-stable and center-
unstable foliations. The stable and unstable manifolds of the complement in a singular
cylinder of its critical circles are Cp.
5. A normally hyperbolic cylinder admits C1 characteristic projections Π˘ : W˘pC q Ñ C
(since the invariant manifolds W˘pA q of are Cp with p ě 2), it satisfies the λ-lemma
(as stated in [GM]) and one easily proves that it admits a ΦH -invariant Radon measure
µC , positive on its open sets. It is therefore tame in the sense of [GM]. A normally
hyperbolic singular cylinder admits C0 characteristic projections, which are C1 in a large
neighborhood of its boundary, it also satisfies the λ-lemma and admits a ΦH -invariant
Radon measure µC , positive on its open sets.
6. Let a ă b be fixed. Let us introduce the notation:
A :“ Apa, bq “ Tˆ ra, bs, B‚A “ Tˆ tau, B
‚A “ Tˆ tbu.
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A twist section for a cylinder C Ă H´1peq is a global 2-dimensional transverse section
Σ Ă Cε, image of an exact-symplectic embedding jΣ : A, such that the associated Poincare´
return map is a twist map in the jΣ-induced coordinates on A. Denote by Ess pϕq the set
of essential invariant circles of ϕ (that is, whose inverse image by jΣ is homotopic to the
base). By the Birkhoff theorem, these circles are Lispchizian graphs over the base. One
requires moreover that the boundaries of Σ are accumulation points of Ess pϕq.
Note that BC X Σ “ B‚A Y B
‚A. We define B‚C and B
‚C as the components of BC
which contain jΣpB‚Aq and jΣpB
‚Aq respectively.
7. A generalized twist section for a singular cylinder is a singular 2 annulus which admits
a continuation to a 2-annulus, on which the Poincare´ return map continues to a twist map
(see [Mar, GM]).
2.2 Intersection conditions, gluing condition, and admissible chains
Let H be a proper C2 Hamiltonian function on A3 and fix a regular value e.
1. Oriented cylinders. We say that a cylinder C is oriented when an order is prescribed
on the two components of its boundary. We denote the first one by B‚C and the second
one by B‚C .
2. The homoclinic condition (FS1). A compact invariant cylinder C Ă H´1peq with
twist section Σ and associated invariant symplectic 4-annulus A satisfies condition (FS1)
when there exists a 5-dimensional submanifold ∆ Ă A3, transverse to XH such that:
• there exist 4-dimensional submanifolds A ˘ ĂW˘pA qX∆ such that the restrictions
to A ˘ of the characteristic projections Π˘ : W˘pA q Ñ A are diffeomorphisms,
whose inverses we denote by j˘ : A Ñ A ˘;
• there exists a continuation C˚ of C such that C
˘
˚ “ j
˘pC˚q have a nonempty in-
tersection, transverse in the 4-dimensional manifold ∆e :“ ∆ X H
´1peq; so that
I˚ :“ C
`
˚ X C
´
˚ is a 2-dimensional submanifold of ∆e;
• the projections Π˘pI˚q Ă C˚ are 2-dimensional transverse sections of the vector
field XH restricted to C˚, and the associated Poincare´ maps P
˘ : Π˘pI˚q Ñ Σk are
diffeomorphisms.
We then say that
ψ “ P` ˝Π` ˝ j´ ˝ pP´q´1|Σ : ΣÑ Σ˚ (9)
(where Σ˚ is a continuation of Σ), is the homoclinic map attached to C . Note that ψ is a
Hamiltonian diffeomorphism on its image.
3. The heteroclinic condition (FS2). A pair pC0,C1q of compact invariant oriented
cylinders with twist sections Σ0, Σ1 and associated invariant symplectic 4-annuli pA0,A1q
satisfies condition (FS2) when there exists a 5-dimensional submanifold ∆ Ă A3, transverse
to XH such that:
• there exist 4-dimensional submanifolds ĂA ´
0
ĂW´pA0qX∆ and ĂA `1 ĂW`pA1qX∆
such that Π´
0
| ĂA ´
0
and Π`
1
| ĂA `
1
are diffeomorphisms on their images ĂA0, ĂA1, which
we require to be neighbohoods of the boundaries B‚C0 and B‚C1 in A0 and A1
respectively, we denote their inverses by j´
0
and j`
1
;
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• there exist neighborhoods rC0 and rC1 of B‚C 0 and B‚C 1 in continuations of the initial
cylinders, such that rC´
0
“ j´
0
p rC0q and rC`1 “ j`1 p rC0q intersect transversely in the
4-dimensional manifold ∆e :“ ∆XH
´1peq,, let I˚ be this intersection;
• the projections Π´
0
pI˚q Ă C and Π
`
1
pI˚q Ă C are 2-dimensional transverse sections
of the vector fieldXH restricted to rC0 and rC1, and the Poincare´ maps P0 : Π´0 pI˚q Ñ
Σ0 and P1 : Π
´
1
pI˚q Ñ Σ1 are diffeomorphisms (where ΣI stands for Poincare´
sections in the neighborhoods rCi).
We then say that
ψ “ P1 ˝ Π
` ˝ j´ ˝ pP0q
´1 : Σ0 Ñ Σ1 (10)
is the heteroclinic map attached to C (which is not uniquely defined).
4. The homoclinic condition (PS1). Consider an invariant cylinder C Ă H´1peq with
twist section Σ and attached Poincare´ return map ϕ, so that Σ “ jΣpT ˆ ra, bsq, where
jΣ is exact-symplectic. Define TesspC q as the set of all invariant tori generated by the
previous circles under the action on the Hamiltonian flow (so each element of TesspC q is
a Lispchitzian Lagrangian torus contained in C ). The elements of TesspC q are said to be
essential tori.
We say that an invariant cylinder C with associated invariant symplectic 4-annulus A
satisfies the partial section property (PS) when there exists a 5-dimensional submanifold
∆ Ă A3, transverse to XH such that:
• there exist 4-dimensional submanifolds A ˘ ĂW˘pA qX∆ such that the restrictions
to A ˘ of the characteristic projections Π˘ : W˘pA q Ñ A are diffeomorphisms,
whose inverses we denote by j˘ : A Ñ A ˘;
• there exist conformal exact-symplectic diffeomorphisms
Ψann : Oann Ñ A , Ψsec : Osec Ñ ∆e :“ ∆XH
´1peq (11)
where Oann and Osec are neighborhoods of the zero section in T ˚T2 endowed with
the conformal Liouville form aλ for a suitable a ą 0;
• each torus T P TesspC q is contained in some C and the image ΨannpT q is a Lipschitz
graph over the base T2;
• for each such torus T , setting T ˘ :“ j˘pT q Ă ∆e, the images Ψ
secpT ˘q are
Lipschitz graphs over the base T2.
5. Bifurcation condition. See [Mar] for the definitions and assumptions. The condition
we state involves the s-averaged system along a simple resonance circle, it will be translated
in the following as an intrinsic condition. With the notation of [Mar]: for any r0 P B,
the derivative d
dr
`
m˚prq ´ m˚˚prq
˘
does not vanish. This immediately yields transverse
heteroclinic intersection properties for the intersections of the corresponding cylinders.
6. The gluing condition (G). A pair pC0,C1q of compact invariant oriented cylinders
satisfies condition (G) when they are contained in a invariant cylinder and satisfy
• B‚C0 “ B‚C1 is a dynamically minimal invariant torus that we denote by T ,
• W´pT q and W`pT q intersect transversely in H´1peq.
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7. Admissible chains.A finite family of compact invariant oriented cylinders pCkq1ďkďk˚
is an admissible chain when each cylinder satisfies either pFS1q or pPS1q and, for k in
t1, . . . , k˚ ´ 1u, the pair pCk,Ck`1q satisfies either pFS2q or pGq, or corresponds to a
bifurcation point.
2.3 Good cylinders and good chains
This section is dedicated to the additional conditions introduced in [GM] which produce
orbits drifting along a chain.
1. Special twist maps. We say that a twist map ϕ of A is special when it does not
admit any essential invariant circle with rational rotation number and when moreover every
element of Ess pϕqzB‚A is either the upper boundary of a Birkhoff zone, or accumulated
from below (in the Hausdorff topology) by a sequence of elements of Ess pϕq.
2. The homoclinic correspondence. We first define the transverse homoclinic inter-
section of a normally hyperbolic cylinder C Ă H´1peq as the set
HomtpC q ĂW`pC q XW´pC q (12)
formed by the points ξ such that
W´
`
Π´pξq
˘
&ξW
`pC q and W`
`
Π`pξq
˘
&ξW
´pC q, (13)
where &ξ stands for “intersects transversely at ξ relatively to H
´1peq.”
‚ Assume that C admits a twist section Σ “ jΣpAq and identify A with Σ. A homo-
clinic correspondence associated with these data is a family of C1 local diffeomorphisms
of Σ:
ψ “ pψiqiPI , ψi : Domψi Ă ΣÑ Imψi Ă Σ, (14)
where Domψi and Imψi are open subsets of Σ, for which there exist is a family of C
1
local diffeomorphisms of C :
S “ pSiqiPI , Si : DomSi Ă C Ñ ImSi Ă C (15)
where DomSi and ImSi are open subsets of C , such that for all i P I:
• there exists a C1 function τi : Domψi Ñ R such that
@x P Domψi, Φ
τipxq
H pxq P DomSi and ψipxq “ Si
´
Φ
τipxq
H pxq
¯
; (16)
• there is an open subset Si Ă DomSi, with full measure in DomSi, such that
@y P Si, W
´pyq XW`
`
Sipyq
˘
XHomtpC q ‰ H. (17)
We say that a family S satisfying the previous properties is associated with ψ.
Homoclinic correspondences are not uniquely defined and the domains Domψi (resp.
DomSi) are not necessarily pairwise disjoint. The index set I is non countable in general.
In the following we indifferently consider our homoclinic correspondences as defined on Σ
or on A. The following additional definition is necessary to produce δ-admissible orbits.
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‚ Let C be a good cylinder with twist section Σ “ jΣpAq and a homoclinic correspon-
dence ψ : A ý. Fix δ ą 0. We say that ψ is δ-bounded when for each essential circle
Γ P Ess pϕq
dist
´
clpΓq, cl
`
Γ´ X ψ´1pΓ`q
˘¯
ă δ (18)
where dist stands for the Hausdorff distance.
‚ The previous definitions, in their full generality, will apply to cylinders which satisfy
Condition (PS1), in the sense that one immediately shows that any such cylinder admits
a homoclinic correspondence. When a cylinder C satisfies (FS1), it turns out that the
situation is much simpler: there exists a single C1 diffeomorphism ψ : A ý which satisfy
the previous compatibility condition with a single diffeomorphism S : DomS Ñ ImS. In
the case of a singular cylinder C‚ with generalized section Σ‚ „ A‚, there also exist a
single C1 diffeomorphism ψ‚ : A‚ ý which satisfy the previous compatibility condition
with a single diffeomorphism S : DomS Ñ ImS. The diffeomorphism ψ‚ is continuable
to a diffeomorphism of ψ the continuation A of the section.
3. Splitting arcs. The notions we introduce now are useful only in the case of cylinders
satisfying (PS1). We consider a such a normally hyperbolic cylinder C equipped with a
twist section Σ “ jΣpAq and a homoclinic correspondence ψ “ pψiqiPI on A. An arc of A
is a continuous map ζ “ r0, 1s Ñ A. We write pζ “ ζpr0, 1sq Ă A for the image of the arc.
Given two distinct points θ, θ1 of T, we write rθ, θ1s for the (unique) segment bounded by θ
and θ1 according to the natural orientation of T. When two points α “ pθ, rq, α1 “ pθ1, r1q
belong to a circle Γ which is a graph over T, we write rα,α1sΓ for the oriented segment of
Γ located over rθ, θ1s, equipped with the natural orientation of Γ. We write ´rα,α1sΓ for
the segment equipped with the opposite orientation.
Consider Γ P Ess pϕq and let α P Γ.
• A splitting arc based at α for the pair pϕ,ψq is an arc ζ of A for which
ζp0q “ α, ζps0, 1sq Ă Γ´; Di P I, ζps0, 1sq Ă Domψi, ψipζps0, 1sqq Ă Γ.
• A splitting domain based at α for the pair pϕ,ψq is a the interior of a 2-dimensional
submanifold with boundary of A which is contained in Γ´ and whose boundary
contains a splitting arc based at α;
• A simple splitting arc based at α “ pθ, rq for the pair pϕ,ψq is a splitting arc ζ based
at α such that pζ projects over an interval rθ, θ ` σs or an interval rθ ´ σ, θs, with
0 ă σ ă 1
2
.
4. Good cylinders. We will distinguish between three cases.
1) We say that a normally hyperbolic cylinder C which satisfies (FS1) is a good cylinder
when it admits a twist section Σ “ jΣpAq with return map ϕ : A ý and a homoclinic
map ψ : A ý such that no element of Ess pϕq is invariant under ψ.
2) We say that a normally hyperbolic singular cylinder C‚ which satisfies (FS1) is a
good cylinder when it admits a generalized twist section Σ‚ “ jΣpA‚q with return map
ϕ : A‚ ý (continuable as a twist map of an annulus) and a homoclinic map ψ : A ý such
that no element of Ess pϕq is invariant under ψ.
3) We say that a normally hyperbolic cylinder C which satisfies (PS1) is a good cylinder
when it admits a twist section Σ “ jΣpAq with return map ϕ : A ý and a homoclinic
correspondence ψ : A ý such that
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• for any element Γ of Ess pϕq which is not the upper boundary of a Birkhoff zone,
there exists a splitting domain based on Γ;
• if Γ P Ess pϕq is the upper boundary of a Birkhoff zone, then there exists a simple
splitting arc based on Γ.
5. Heteroclinic maps. Let C1 and C2 be disjoint good cylinders at energy e for H,
with characteristic projections Π˘i : W
˘pCiq Ñ Ci and twist sections Σi “ jΣipAiq, with
Ai “ T ˆ rai, bis. We define the transverse heteroclinic intersection of C1 and C2 as the
set
HettpC1,C2q ĂW
´pC1q XW
`pC2q (19)
formed by the points ξ such that
W´
`
Π´
1
pξq
˘
&ξW
`pC2q and W
`
`
Π`
2
pξq
˘
&ξW
´pC1q. (20)
A heteroclinic map from C1 to C2 is a C
1 diffeomorphism
ψ21 : Domψ
2
1 Ă Σ1 Ñ Imψ
2
1 Ă Σ2 (21)
where Domψ21 is an open neighborhood of B
‚Σ1 in Σ1 and Imψ
2
1 is an open neighborhood
of B‚Σ2 in A2, for which there exists a C
1 diffeomorphism
S21 : DomS
2
1 Ă C1 Ñ ImS
2
1 Ă C2 (22)
where DomS21 and ImS
2
1 are open subsets, which satisfies the following conditions:
• there exists a C1 function τ : Domψ21 Ñ R such that
@x P Domψ21 , Φ
τpxq
H pxq P DomS
2
1 and ψ
2
1pxq “ S
2
1
´
Φ
τpxq
H pxq
¯
; (23)
• there is an open subset S21 Ă DomS
2
1 , with full measure in DomS
2
1 , such that
@y P S21 , W
´pyq XW`
`
S21pyq
˘
XHettpC1,C2q ‰ H. (24)
6. Bifurcation maps. Let C1 and C2 be disjoint good cylinders at energy e for H,
with characteristic projections Π˘i : W
˘pCiq Ñ Ci and twist sections Σi “ jΣipAiq, with
Ai “ Tˆ rai, bis. A bifurcation map from C1 to C2 is a C
1 diffeomorphism
ψ21 : Γ1 Ă Σ1 Ñ Γ2 Ă Σ2 (25)
where Γi are dynamically minimal circles for the return maps ϕi, such that, denoting by
Ti the essential tori they generate, there exists a C
1 diffeomorphism
S21 : T1 Ñ T2 (26)
which satisfies the following conditions: there exists a C1 function τ : T1 Ñ R such that
@x P T1, Φ
τpxq
H pxq P T1 and ψ
2
1pxq “ S
2
1
´
Φ
τpxq
H pxq
¯
; (27)
and
@y P T1, W
´pyq XW`
`
S21pyq
˘
XHettpC1,C2q ‰ H. (28)
7. Good chains. A good chain of cylinders at energy e is an admissible chain pCkq1ďkďk˚
of good cylinders or singular cylinders at energy e, with twist sections Σk, such that for
1 ď k ď k˚ ´ 1:
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• either Ck and Ck`1 are consecutive cylinders contained in the same cylinder, that is
B‚Ck “ B
‚Ck`1, which satisfy the gluing condition (G);
• or there exists a bifurcation map ψk`1k from Ck to Ck`1;
• or a heteroclinic map ψk`1k from Ck to Ck`1 and a circle Γk P Ess pϕkq contained in
Domψk`1k whose image ψ
k`1
k pΓkq is a dynamically minimal essential invariant circle
for ϕk`1.
3 Perturbation of characteristic foliations
We now introduce the main ingredient of our perturbative construction.
3.1 A perturbative lemma for Poincare´ maps
We refer to [MS] for the necessary definitions and results in symplectic geometry. We
begin with a global form of the Hamiltonian flow-box theorem.
Lemma 3.1. Let pM2m,Ωq be a symplectic manifold with Poisson bracket t , u, and fix a
Hamiltonian H P C8pMq, with complete vector field. Let Λ be a codimension 1 subman-
ifold of M , transverse to XH , such that there exists un open interval I Ă R containing 0
for which the restriction of ΦH to I ˆ Λ is an embedding. Set
D :“ ΦHpI ˆ Λq (29)
and let F : D Ñ R be the Cκ (transition time) function defined by
ΦH
`
´ F pxq, x
˘
P Λ, @x P D . (30)
Then tH,F u “ 1 and Λ “ F´1p0q, so XF is tangent to Λ. Assume moreover that there
exist an open interval J and e P J such that, setting Λe “ H
´1peq X Λ, the flow of XF is
defined on J ˆ Λe and satisfies
Λ “ ΦF
`
J ˆ Λe
˘
. (31)
Then the form Ωe induced by Ω on Λe is symplectic, and the map
χ : pI ˆ Jq ˆ Λe ÝÑ D`
pt, eq, x
˘
ÞÝÑ ΦH
`
t,ΦF pe, xq
˘ (32)
is a C8 symplectic diffeomorphism on its image, where pI ˆ Jq ˆ Λe is equipped with the
form
de^ dt ‘ Ωe. (33)
Moreover
H ˝χ
`
pt, eq, x
˘
“ e, χ˚pXHq “
B
Bt
. (34)
In the following we say that a submanifold Λ satisfying the assumptions of the previous
lemma is a box-section for XH , with associated data pI, J, eq. Given any transverse sectionpΛ of XH and a compact subset K of pΛ X H´1peq, one easily proves that there exists a
box-section Λ Ă pΛ which is a neihborhood of K in pΛ.
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Lemma 3.2. Let M2m be a symplectic manifold and fix a Hamiltonian H P C8pMq with
complete vector field XH and flow ΦH. Assume that Λ is a box-section for XH , with
associated data pI, J, eq such that r´1, 0s Ă I, set
∆p´1q “ Φ´1H pΛq, Λe “ ΛXH
´1peq, ∆
p´1q
e
“ ∆p´1q XH´1peq, (35)
and let PH be the ΦH-induced Poincare´ map between ∆
p´1q
e
and Λe.
Let K be a compact of Λe contained in the relative interior of Λe. Then for any C
8
Hamiltonian diffeomorphism φ : Λe ý with support in K, there exists a Hamiltonian
H P C8pMq such that:
‚ Λ is a box-section of XH with associated data pI, J, eq, and Φ
´1
H
pΛq “ ∆p´1q,
‚ H coincides with H outside ΦHps ´ 1, 0rˆΛq,
‚ the ΦH-induced Poincare´ map between ∆
p´1q
e
and Λe satisfies
PH “ φ ˝ PH . (36)
‚ H tends to H in the C8 topology when φÑ Id in the C8 topology.
Proof. The map
χ : I ˆ J ˆ Λe ÝÑ ΦHpI ˆ Λq (37)
of Lemma 3.1 is a symplectic diffeomorphism such that H ˝ χpt, e, xq “ e. We first work
in the coordinates pt, e, xq to construct our new Hamiltonian. Let ℓ : I ˆ Λe be a C
8
nonautonomous Hamiltonian on Λe with support in r´2{3,´1{3s ˆK, whose associated
transition map between the times t´2{3u and t´1{3u coincides with φ. We set
Hpt, e, xq “ e` ηpeqℓpt, xq (38)
where η : J Ñ R is a C8 function with support in J , equal to 1 in an open neighborhood
J˚ of e, so that the function η ℓ has compact support contained in r´2{3,´1{3s ˆ I ˆK.
The associated vector field reads, for pt, e, xq P I ˆ J˚ ˆ Λe:
9t “ 1, 9e “ Btℓpt, xq, 9x “ Xℓpt, xq, (39)
where Xℓ stands for the vector field generated by ℓ relatively to the induced form Ωe
on Λe. As a consequence, the Poincare´ map of H between the sections t´1u ˆ pJ ˆ Λeq
and t0u ˆ pJ ˆ Λeq reads:
PHp´1, e, xq “
`
0, e, φpxq
˘
. (40)
The function H ˝χ´1 coincides with H in the open set
χpI ˆ J ˆ Λeq z χpr´2{3,´1{3s ˆ Supp η ˆKq (41)
and so continues as a C8 function H on M , which coincides with H outside the latter
factor. Since χ is symplectic, Λ is a box-section of XH with associated data pI, J, eq, and
Φ´1
H
pΛq “ ∆p´1q. The Poincare´ maps PH and PH satisfy
PH “ χ ˝ PH ˝χ
´1
|Φ´1
H
pΛeq
, (42)
and
χp0, e, xq “ x, χp´1, e, xq “ Φ´1H pxq, (43)
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hence, setting z “ Φ´1H pxq for x P Λe:
PHpzq “ χ ˝ PH ˝ χ
´1pzq “ χ ˝ PHp´1, e, xq “ χ
`
0, e, φpxq
˘
“ φpxq (44)
so that
PH “ φ ˝ PH . (45)
Finally one can choose ℓ so that ℓÑ 0 in the C8 topology when φ tends to Id in the C8
topology, from which our last assertion easily follows.
3.2 Perturbations of homoclinic maps in the (FS) case
In this section we consider a Hamiltonian H P CκpA3q and fix a regular value e of H.
Lemma 3.3. Assume that C Ă H´1peq with twist section Σ satisfies condition (FS), and
let ψH be its homoclinic map. Then for any C
κ´2 Hamiltonian diffeomorphism σ : Σ ý,
there exists a Cκ Hamiltonian H which coincides with H in the neighborhood of C , such
that C still satisfies condition (FS) for H and that the associated homoclinic map ψH
satisfies
ψH “ σ ˝ ψH ; (46)
moreover }H´H}κ Ñ 0 when dκ´2pσ, Idq Ñ 0.
Proof. By the C8-smoothing technique of [Zeh76], there exists a Hamiltonian H˚, arbi-
trarily close to H in the Cκ topology and coincides with H in the neighborhood of C ,
such that C still satisfies condition (FS) with respect to ∆ and such that H˚ is C
8 in the
neighborhood of ∆. Let ψH˚ be the associated homoclinic map and set
σ˚ “ σ ˝ ψH ˝ ψ
´1
H˚
, (47)
so that σ˚ is a Hamiltonian diffeomorphism of Σ, arbitrarily close to σ in the C
κ´2 topology.
It is therefore enough to prove the result for H˚ and σ˚ instead of H and σ. So one can
assume without loss of generality that H is C8 in the neighborhood of ∆.
By compactness of C´, one can find a neighborhood Λ of C´ in ∆ which is a box-
section for XH , with data pI, J, eq, where I contains some interval r´τ, 0s. One can
moreover assume that H is C8 in the neighborhood of ΦHpI ˆ Λq.
Set
φ “ pP`H ˝ Π
`
Hq
´1 ˝ σ ˝ pP`H ˝ Π
`
Hq|I (48)
where I “ C` X C´, so that φ is a Hamiltonian diffeomorphism of I . We proved in
[Mar16] the existence of a Hamiltonian diffeomorphism φ of ∆e which continues φ.
By Lemma 3.2, there exists a Hamiltonian H P CκpMq such that:
‚ Λ is a box-section of XH with associated data pI, J, eq, and Φ
´1
H
pΛq “ ∆p´1q,
‚ H coincides with H outside ΦHps ´ 1, 0rˆΛq,
‚ the ΦH-induced Poincare´ map between Λ
´
e
and Λe satisfies
PH “ φ ˝ PH . (49)
‚ H tends to H in the Cκ topology when φÑ Id in the Cκ´2 topology.
Fix ξ P A ´ and set η “ Φ´τH pξq. Since H and H coincide outside the perturbation box
Π´Hpηq “ Π
´
H
pηq. (50)
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By equivariance of the unstable foliation of W´pA q:
Π´
H
`
ΦHpηq
˘
“ Π´H
`
ΦHpηq
˘
. (51)
Moreover, if ξ P C´,
ΦτHpηq “ φ ˝Φ
τ
Hpηq (52)
which proves that
Π´
H
˝ φpξq “ Π´Hpξq, @ξ P C
´. (53)
In particular, since φ leaves I invariant
Π´
H
pI q “ Π´HpI q. (54)
and the Poincare´ maps P´
H
and P´H coincide. Moreover, since the perturbation does not
affect the stable manifold W`pA q:
ψHpxq “ P
`
H ˝ Π
`
H ˝ j
´
H
˝ pP´H q
´1pxq, @x P Σ. (55)
Hence
ψHpxq “ P
`
H ˝Π
`
H ˝ φ ˝ j
´
H ˝ pP
´
H q
´1pxq “ σ ˝ ψHpxq, @x P Σ, (56)
which proves our claim. Finally, since dκ´2pφ, Idq Ñ 0 when dκ´2pσ, Idq Ñ 0 (see [Mar16]),
the last statement comes from Lemma 3.2.
The following lemma for the heteroclinic condition (FS) is proved exactly in the same
way as the previous one.
Lemma 3.4. Assume that the pair pC0,C1q of compact invariant cylinders with twist
sections Σi, contained in H
´1peq, satisfies condition (FS), and let ψH be its heteroclinic
map. Then for any Cκ´2 Hamiltonian diffeomorphism σ : Σ2 ý, there exists a C
κ Hamil-
tonian H which coincides with H in the neighborhood of C0 and C1, such that pC0,C1q still
satisfies condition (FS) for H and that the associated heteroclinic map ψH satisfies
ψH “ σ ˝ ψH ; (57)
moreover }H´H}κ Ñ 0 when dκ´2pσ, Idq Ñ 0.
3.3 Perturbations of characteristic projections in the (PS) case
We consider a Hamiltonian H P CκpA3q and fix a regular value e of H.
Lemma 3.5. Assume that C Ă H´1peq with twist section Σ satisfies condition (PS).
Then there exists a compact neighborhood K of C´ in ∆e such that for any C
κ´2 Hamil-
tonian diffeomorphism φ of ∆e with support in K, there exists a C
κ Hamiltonian H which
coincides with H in the neighborhood of C , such that C still satisfies condition (PS) for
H and that the associated characteristic projection satisfies
pΠ´
H
q|C ´ “ pΠ
´
H
q|C ´ ˝ φ; (58)
moreover }H´H}κ Ñ 0 when dκ´2pφ, Idq Ñ 0.
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Proof. The proof is follows the same lines as that of Lemma 3.2. One can assume that
H is C8 in the neighborhood of ∆. One first constructs a box-section Λ Ă ∆e with
data pI, J, eq, where I contains some interval r´τ, 0s, such that moreover H is C8 in the
neighborhood of ΦHpIˆΛq. Then, by Lemma 3.2, there exists a Hamiltonian H P C
κpMq
such that:
‚ Λ is a box-section of XH with associated data pI, J, eq, and Φ
´1
H
pΛq “ ∆p´1q,
‚ H coincides with H outside ΦHps ´ 1, 0rˆΛq,
‚ the ΦH-induced Poincare´ map between Λ
´
e
and Λe satisfies
PH “ φ ˝ PH . (59)
‚ H tends to H in the Cκ topology when φÑ Id in the Cκ´2 topology.
One then deduces exactly as in Lemma 3.2 that
pΠ´
H
q|C ´ “ pΠ
´
H
q|C ´ ˝ φ; (60)
and the last statement is immediate.
4 Proofs of Theorem 2 and Theorem 1
We now use the results of the previous section and prove that admissible chains can
be made good chains by arbitrarily small perturbations of the Hamiltonian, which is the
content of Theorem 2. We then prove Theorem 1, which relies on the results of [Mar, GM].
4.1 Cylinders with condition (FS)
We consider a proper Hamiltonian H P CκpA3q and fix a regular value e of H.
Lemma 4.1. Assume that C Ă H´1peq satisfies condition (FS1). Then for any α ą 0,
there exists a Cκ Hamiltonian H such that C is a good cylinder for H, and which satisfies
}H ´H}κ ă α. (61)
Proof. By [R] applied to the symplectic manifold A , there exists an arbitrarily small
perturbation rH of H in the Cκ topology which admits an invariant annulus ĂA and an
invariant cylinder rC which are arbitrarily Cκ-close to the initial ones, such that any
periodic orbit of rH is hyperbolic in C or elliptic with nondegenerate torsion and KAM
nonresonance conditions.
As a consequence, one can choose rH such that }H ´ rH}Cκ ă α{2, rC still satisfies
condition (FS1) and admits a section Σ for which the Poincare´ map rϕ is a special twist
map. We can therefore assume that these properties are satisfied by the initial Hamiltonian
H and we get rid of the r.
Let ψ be the homoclinic map of C for H. By [M02], there exists a Cκ Hamiltonian
diffeomorphism σ of Σ, arbitrarily close to Id, such that the return map ϕ : Σ ý and
the map σ´1 ˝ ψ ˝ σ : Σ ý have no common essential invariant circle. Observe that
rσ´1 ˝ ψ ˝ σ ˝ ψ´1s is a Hamiltonian diffeomorphism of Σ, which tends to I in the Cκ
topology when σ tends to Id in the Cκ topology. So, by Lemma 3.3, if σ is close enough to
the indentity, there exists a Hamiltonian H which coincides with H in the neighborhood
of C , such that C still satisfies condition (FS1), with new homoclinic map
ψH “ rσ
´1 ˝ ψ ˝ σ ˝ ψ´1s ˝ ψ “ σ´1 ˝ ψ ˝ σ. (62)
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One can choose σ so that }H ´H}κ ă α. By construction, the cylinder C is now a good
cylinder at energy e for H.
4.2 Cylinders with condition (PS)
We consider a proper Hamiltonian H P CκpA3q and fix a regular value e of H. We prove
the following analog of Lemma 4.1 for condition (PS1).
Lemma 4.2. Assume that C Ă H´1peq satisfies condition (PS1). Then for any α ą 0,
there exists a Cκ Hamiltonian H such that C is a good cylinder for H, and which satisfies
}H ´H}κ ă α. (63)
The proof follows from a sequence of intermediate lemmas. First, by the same argument
as in the proof of the previous lemma, we can assume that C Ă H´1peq admits a section
Σ whose attached return map ϕ is a special twist map. We set
C˚ “ A XH
´1peq, C˘˚ “ j
˘pC˚q (64)
so that C Ă C˚ and C
˘ Ă C˘˚ .
1. The first lemma is a direct consequence of the last two conditions of (PS1), of which
we keep the notation.
Lemma 4.3. For each T P TesspC q, T ` XT ´ ‰ H.
Proof. The Lipshitzian Lagrangian tori ΨsecpT `q and ΨsecpT ´q are graphs over the null
section in Osec. They moreover have the same cohomology, since they are images of the
same graph ΨannpT q by the exact-symplectic diffeomorphisms
Ψsec ˝ j˘ ˝ pΨannq´1.
Hence their intersection in nonempty.
2. Given a vector field X on C˚ and a 2-dimensional submanifold S Ă C˚, we define the
tangency set
TanpX,Sq “
 
x P S | Xpxq P TxS
(
.
We say that a point x P SzTanpX,Sq is regular. We define the folds and cusps of Z
relatively to X in the usual way (see [GS]).
3. We fix a compact subset K Ă ∆e which contains C
` Y C´ in its interior, and we
denote by HpKq the space of pairs of nonautonomous Hamiltonians in CκpR ˆ∆eq with
support in r´2{3, 1{3sˆK. LetH0 be a ball centered at 0 in the spaceHpKq, such that for
each pℓ`, ℓ´q P H0, the conclusion of Lemma 3.5 holds. Given pℓ`, ℓ´q P HpKq, we denote
by Hpℓ`,ℓ´q the associated Hamiltonian, as defined in Lemma 3.5. Recall that Hpℓ`,ℓ´q
coincides with the initial Hamiltonian in the neighborhood of A . We can therefore assume
that H0 is small enough so that C still satisfies condition (PS1) for Hpℓ`,ℓ´q, relatively to
the same section ∆, with characteristic maps
j˘pℓ`,ℓ´q : A Ñ A
˘pℓ`, ℓ´q Ă ∆.
In order not to overload the notation and get rid of the problem of the boundaries and
corners when considering intersections, we continue C to a slightly larger 2-dimensional
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manifold without boundary contained in C˚ and with compact closure, that we still denote
by C . We set
C
˘pℓ`, ℓ´q “ j
˘
pℓ`,ℓ´q
pC q, C˘˚ pℓ`, ℓ´q “ j
˘
pℓ`,ℓ´q
pC˚q.
Lemma 4.4. The following properties are satisfied.
1. The set H1 of pairs of Hamiltonians pℓ`, ℓ´q P H0 for which the intersection
C
`
˚ pℓ`, ℓ´q X C
´
˚ pℓ`, ℓ´q
is transverse in ∆e at each point of clpC q is open and dense in H0.
2. For pℓ`, ℓ´q P H1, the set
I pℓ`, ℓ´q :“ C
`pℓ`, ℓ´q X C
´pℓ`, ℓ´q
is a two-dimensional submanifold of ∆e which contains the set X pℓ`, ℓ´q of all
homoclinic intersections j`pℓ`, ℓ´qpT q X j
`pℓ`, ℓ´qpT q for T P TesspC q.
3. We get rid of the indexation by pℓ`, ℓ´q when obvious. The set H2 of pairs of
Hamiltonians in H1 for which the subsets!
x P I | X´pxq P TxW
`pC q
)
,
!
x P I | X`pxq P TxW
´pC q
)
,
are 1-dimensional submanifolds of I˚, is open dense in H0.
4. The set H3 of pairs of Hamiltonians in H2 for which the tangency sets
Z
˘ “ Tan
`
XH,Π
˘pI˚q
˘
are 1-dimensional submanifolds of Π˘pI˚q, is open and dense in H0.
5. The set H4 of pairs of Hamiltonians in H3 for which
X X pΠ`q´1pZ `q X pΠ´q´1pZ ´q “ H (65)
is open and dense in H0.
6. The set H5 of pairs of Hamiltonians in H4 for which each point of Π
`
`
X
˘
X Z `
and Π˘
`
X
˘
X Z ´ is either regular or located on a fold, is open and dense set in
H0.
Proof. The proofs use only very classical methods of singularity theory, we will give the
main ideas and refer to [LM] for more details. We first recall the following classical
genericity result by Abraham.
Theorem ([AR67]). Fix 1 ď k ă `8. Let L be a Ck and second-countable Banach
manifold. Let X and Y be finite dimensional Ck manifolds. Let χ : L Ñ CkpX,Y q be a
map such that the associated evaluation
evχ : pLˆXq Ñ Y, evχpℓ, xq “
`
χpℓq
˘
pxq
is Ck for the natural structures. Fix a be a submanifold D of Y such that
k ą dimX ´ codimD
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and assume that evχ is transverse to D. Then the set of all ℓ P L such that χpℓq is
transverse to D is residual in L, and open and dense when D is compact.
‚ To prove 1, we consider the following mapˇˇˇ
ˇˇˇ χ : H0 Ñ CκpC˚ ˆ C˚,∆e ˆ∆eq
pℓ`, ℓ´q ÞÑ
”
px, yq ÞÑ
`
j`pℓ`,ℓ´qpxq, j
´
pℓ`,ℓ´q
pyq
˘ı (66)
whose evaluation evχ map is C
κ´2. Introduce the diagonal
D “
 
pz, zq | z P ∆e
(
Ă ∆e ˆ∆e. (67)
Given pℓ0`, ℓ
0
´q P H0, a point px, yq P C˚ ˆ C˚ such that evχ
`
pℓ0`, ℓ
0
´q, x, y
˘
P D and a
vector u P Ty∆e, one readily checks the existence of a path s ÞÑ pℓ`, ℓ´qpsq such that
pℓ`, ℓ´qpsq “ pℓ
0
`, ℓ
0
´q,
d
ds
evχpℓpsq, x, yq|s“0 “ p0, uq, (68)
which proves that evχ is transverse to D at pℓ, x, yq. For κ large enough, the Abraham
genericity theorem proves our first claim, while the second one is an immediate consequence
of Lemma 4.3.
‚ To prove 3, we endow A3 with a trivial Riemannian metric, and we denote by ¨ the
associated scalar product, which is therefore defined for pairs of vectors possibly tangent at
different points. Given x P A ˘, we denote by N˘pxq the (suitably oriented) unit normal
vectors at x to the invariant manifolds W˘pA q. We then introduce the map (where we
get rid of the obvious indexation of j˘ by pℓ`, ℓ´q):ˇˇˇ
ˇˇˇ χ : H0 Ñ CκpC˚ ˆ C˚,∆e ˆ∆e ˆ Rq
pℓ`, ℓ´q ÞÑ
”
px, yq ÞÑ
´
j`pxq, j´pyq,X´
`
j´pxq
˘
¨N`
`
j`pyq
˘¯ı (69)
whose evaluation evχ map is C
κ´2. One then proves by straightforward constructions
that evχ is tranvsverse to the diagonal
D “ tpξ, ξ, 0q | ξ P ∆eu.
As a consequence of the Abraham theorem, for an open dense subset of pairs pℓ`, ℓ´q,pχ :“ χpℓ`, ℓ´q is transverse to D. For such pairs, pχ´1pDq is a codimension 5 submanifold
of C˚ ˆ C˚, and so is 1-dimensional. The projection of this manifold on the first factor is
the set of points.
‚ The proof of 4 is analogous. We denote by Y ˘ the direct image of the vector field
XH restricted to A by the transition maps j
˘, which is therefore a vector field on A ˘.
We introduce the projection operator P on the normal bundle of the intersection I , that
we see as a submanifold of the trivial bundle TA3. To deal with Z ´, we introduce the
following mapˇˇˇ
ˇˇˇ χ : H0 Ñ CκpC˚ ˆ C˚,∆e ˆ∆e ˆ Rq
pℓ`, ℓ´q ÞÑ
”
px, yq ÞÑ
´
j`pxq, j´pyq, }Pj`pxqpY
´pyqq}2
¯ı (70)
which yields the same result as above.
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‚ To prove 5 we begin by proving that the set of pairs pℓ`, ℓ´q P H4 for which
X X pΠ`q´1pZ `q X pΠ´q´1pZ ´q
is finite is open and dense in H0. For this we introduce the map
χ : H0 Ñ C
κpC˚ ˆ C˚,∆e ˆ∆e ˆ Rˆ Rq
such that
`
χpℓ`, ℓ´q
˘
px, yq “
´
j`pxq, j´pyq, Y ´
`
j´pxq
˘
¨N`
`
j`pyq
˘
, Y `
`
j`pxq
˘
¨N´
`
j´pyq
˘¯
which is also easily proved to be transverse to the diagonal
D “
 
pξ, ξ, 0, 0q | ξ P ∆e
(
.
So the set of pairs for which pχ´1pDq is a dimension 0 manifold is open and dense, which
proves our claim. It only remains to check that one can make an additional perturbation
which disconnects X from this last set, which is easy.
‚ The proof of 6 is analogous to the previous one, since the set of cusp points is
finite.
4. The following lemma immediately yields Lemma 4.2. Recall that C admits a section
Σ for which the return map ϕ is a special twist map.
Lemma 4.5. Given pℓ0`, ℓ
0
´q P H5, with associated Hamiltonian H
0, there exists H in
CκpA3q, arbitrarily close to H0 in the Cκ topology and which coincides with H0 in the
neighborhood of A , for which:
• C satisfies condition (PS1) and admits a homoclinic correspondence ψ;
• for any essential circle Γ P Ess pϕq there exists a splitting arc based on Γ for pϕ,ψq;
• if moreover Γ is the lower boundary of a Birkhoff zone, there exists a simple arc
based of Γ for pϕ,ψq.
Proof. We will first prove that for any Γ P Ess pϕ0q there exists a splitting arc based on Γ
for pϕ0, ψ0q. Let T Ă C be the torus generated by Γ under the action of the Hamiltonian
flow. The complement C zT admits two connected components, which we denote by C‚
and C ‚ according to the orientation of Σ induced by its parametrization.
‚ Set I “ T ` X T ´, so that I is compact and contained in X . By property 5) of
Lemma 4.4, for each point ξ P I, one of the points ξ˘ “ Π˘pξq is regular with respect to
XH , in the sense that XH is not tangent to Π
˘pI q at ξ˘. We say that ξ is positively
(resp. negatively) regular when ξ` (resp. ξ´) is regular.
We define the point x` as the first intersection of the positive orbit of ξ` with Σ, and
the point x´ as the first intersection of the negative orbit of ξ´ with Σ. We adopt the
same convention for the transport to Σ for all points in small enough neighborhoods of
the previous two ones.
‚ Assume for instance that ξ is positively regular. Then there exists a neighborhood
V pξq of ξ in I such that the previous transport by the Hamiltonian flow in C induces an
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embedding of the image Π˘pV pξqq in the section Σ, whose image V ` is a neighborhood of
the point x`. Hence one can moreover assume V pξq small enough so that the complementpΓ “ V `zΓ admits exactly two connected components, contained in C ‚ and C‚. Inverse
transport of pΓ by the Hamiltonian flow and then by j` yields a Lipshitzian curve in
V pξq, which disconnects V pξq. We denote by V ‚pξq and V‚pξq the two components of its
complement, according to the intersections of their images with C‚ and C
‚. We say that
C ‚ is the positive component and that C‚ is the negative component.
‚ Then, the point ξ´ is either regular or located on a fold of Π´pI q relatively to
XH . One can reduce V pξq in order that the intersection Π
´pV pξqq XT is connected, and
therefore arc-connected. We will assume this condition satsified in the following. This
yields by inverse transport an arc-connected subset σ “ j´pσ´q Ă V pξq. We say that the
intersection I is one-sided in V pξq if either σX V‚pξq “ H or σX V
‚pξq “ H is empty, we
say that is is positive in the latter case and negative in the former.
‚ In the case where ξ is negatively regular, define the neighborhood V pξq in a symmetric
way, with the analogues for the notion of one-sided, positive and negative intersections in
V pξq. When both ξ` and ξ´ are regular, we arbitrarily choose one of them to perform
the previous construction and define the notion of one-sided intersection.
‚ One then gets a covering of I by a finite number of neighborhoods V pξ1q, . . . , V pξℓq
with the previous properties. Arguing by contraction and assuming that each positively
regular point ξi yields a positive intersection and each negatively regular point yields a
negative intersection, one proves that it would be possible to construct a pair of arbitrarily
close to the identity Hamiltonian diffeomorphisms φ˘ of ∆e to which Lemma 3.5 applies,
and which yield a Cκ perturbation H of H which still admits C as a cylinder satisfying
(PS1), and T as an invariant torus, but for which T `XT ´ is empty, which is impossible.
‚ Therefore there exists in I either a positively regular point with two-sided or negative
intersection, or a negatively regular point with two-sided or positive intersection. Both
cases yield a splitting arc based on Γ for the (local) composition P` ˝ Π` ˝ j ´ ˝pP´q´1.
Now we know that if for instance ξ is positively regular, then ξ´ is either regular or located
on a fold. This immediately yields a splitting domain for the homoclinic correpondence
and concludes the proof.
5. It only remains now to consider the case of lower boundaries of Birkhoff zones.
Lemma 4.6. If Γ is the lower boundary of a Birkhoff zone, there exists a splitting arc
based on Γ.
Proof. The main observation is that the set of essential circles which are lower boundaries
of Birkhoff zones in countable. Therefor it is enough to prove the property for one such
circle. But this is an immediate perturbation of the previous lemma, by construction a pair
of Hamiltonian diffeomorphisms which makes the intersection point of the previous split-
ting arc be a derivability point for the arc, with a non-vertical tangent, and a derivability
point for the circle, with a tangent distinct from the tangent to the arc.
4.3 From admissible chains to good chains: proof of Theorem 2
Theorem 2 is now a direct consequence of the previous two sections. Consider an admissible
chain pCkq1ďkďk˚ with δ-bounded homoclinic correspondence at energy e for H. Then by
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Lemma 4.1 used recursively there exists a Hamiltonian H0 arbitrarily Cκ-close to H such
that each cylinder satisfying (FS1) is a good cylinder, and such that each gluing boundary
still admits transverse homoclinic intersections. By Lemma 4.2 used recursively, one can
then find H1 arbitrarily Cκ-close to H0 such that each cylinder (PS1) is a good cylinder,
without altering the heteroclinic condition (PS2) or the gluing condition (G).
The only remaining point to prove is that one perturb the system in such a way that
each bifurcation pair pCk,Ck`1q admits a bifurcation map in the sense of Section 2.3,
paragraph 6. We keep the assumptions and notation of [Mar], Part I, Section 2. We can
first make family of small Cκ perturbations to the Hamiltonian Hε “ h`εf , parametrized
by ε, to make it C8 in the neighborhood of T3 ˆ tbu. We so construct a family of C8
Hamiltonians Hε such that } rHε ´Hε}Cp ď αε, which we still write
rHε “ rhε ` ε rfε “ h` ε pfε,
so that pfε is Cp α-close to f . We then perturb rfε in order that its bifurcation point admits
a frequency vector ω which is 2-Diophantine, that is, in adapted coordinates: ω “ ppω, 0q
with pω Diophantine. One then use the ε-dependent normal form of Hε introduced in
[Mar], Appendix 3. Given two constants d ą 0 and δ ă 1 with 1´ δ ą d, then, there is an
ε0 ą 0 such that for 0 ă ε ă ε0, there exists an analytic symplectic embedding
Φε : T
3 ˆBpb1, ε
dq Ñ T3 ˆBpb1, 2ε
dq
such that rNεpθ, rq “ rHε ˝ Φεpθ, rq “ rhεprq ` gεpθ3, rq `Rεpθ, rq,
where gε and Rε are C
p functions and
}Rε}
Cp
`
TnˆBpb1εdq
˘ ď ε3. (71)
Moreover, Φε is close to the identity, in the sense that
}Φε ´ Id}
Cp
`
T3ˆBpb1,εdq
˘ ď ε1´δ . (72)
The final perturbation of the initial Hamiltonian (localized in the neighborhood of the
bifurcation locus) will be the truncation
H0ε “ p
rhε ` gεq ˝ Φ´1ε “ h` εf0ε
which is α close to Hε when ε is small enough. One checks that H
0
ε satisfies the condition
of a good chain for the cylinders at their bifurcation point and that f0ε is α close to f is ε
is small enough. This concludes our proof.
4.4 Proof of Theorem 1
Fix e ą Min h together with a finite family of arbitrary open sets O1, . . . , Om which
intersect h´1peq. By [Mar], for κ ě κ0 large enough, there exists a lower-semicontinuous
function
ε0 : S
κ Ñ R`
with positive values on an open dense subset of S κ such that for f P Bκpε0q the system
Hpθ, rq “ hprq ` fpθ, rq (73)
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admits an admissible chain pCkq1ďkďk˚ , with pδ{2q-bounded homoclinic correspondence,
such that each open set T3 ˆ Ok contains the δ-neighborhood in A
3 of some essential
torus of the chain. By Theorem 2 there exists H, arbitrarily Cκ-close to H, such that
pCkq1ďkďk˚ is a good chain with δ-bounded homoclinic correspondence. By [GM] there
exists an orbit for H which is δ-admissible, and therefore which intersects each T3 ˆ Oi.
This last property being open, Theorem 1 is proved.
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A Normal hyperbolicity and symplectic geometry
We refer to [Ber10a, BB13, Cha04, Cha08, HPS77] for the references on normal hyperbol-
icity. Here we limit ourselves to a very simple class of systems which admit a normally
hyperbolic invariant (non compact) submanifold, which serves us as a model from which
all other definitions and properties will be deduced.
1. The following statement is a simple version of the persistence theorem for normally
hyperbolic manifolds well-adapted to our setting, whose germ can be found in [Ber10b]
and whose proof can be deduced from the previous references.
The normally hyperbolic persistence theorem. Fix m ě 1 and consider a vector
field on Rm`2 of the form V “ V0 `F , with V0 and F of class C
1 and reads
9x “ Xpx, u, sq, 9u “ λupxqu, 9s “ ´λspxq s, (74)
for px, u, sq P Rm`2. Assume moreover that there exists λ ą 0 such that the inequalities
λupxq ě λ, and λspxq ě λ, x P R
m. (75)
hold. Fix a constant µ ą 0. Then there exists a constant δ˚ ą 0 such that if
}BxX}C0pRm`2q ď δ˚, }F }C1pRm`2q ď δ˚, (76)
the following assertions hold.
• The maximal invariant set for V contained in O “
 
px, u, sq P Rm`2 | }pu, sq} ď µ
(
is an m-dimensional manifold AnnpV q which admits the graph representation:
AnnpV q “
 `
x, u “ Upxq, s “ Spxq
˘
| x P Rm
(
,
where U and S are C1 maps Rm Ñ R such that
}pU,Sq}C0pRmq ď
2
λ
}F }C0 . (77)
• The maximal positively invariant set for V contained in O is an pm`1q-dimensional
manifold W`
`
AnnpV q
˘
which admits the graph representation:
W`
`
AnnpV q
˘
“
 `
x, u “ U`px, sq, s
˘
| x P Rm s P r´µ, µs
(
,
where U` is a C1 map Rm ˆ r´1, 1s Ñ R such that
}U`}C0pRmq ď c` }F }C0 . (78)
for a suitable c` ą 0. Moreover, there exists C ą 0 such that for w PW
`
`
AnnpV q
˘
,
dist
`
Φtpwq,AnnpV q
˘
ď C expp´λtq, t ě 0. (79)
• The maximal negatively invariant set for V contained in O is an pm`1q-dimensional
manifold W´
`
AnnpV q
˘
which admits the graph representation:
W´
`
AnnpV q
˘
“
 `
x, u, s “ S´px, uq
˘
| x P Rm, u P r´µ, µs
(
,
where S´ is a C1 map Rm ˆ r´1, 1s Ñ R such that
}S´}C0pRmq ď c´ }F }C0 . (80)
for a suitable c´ ą 0. Moreover, there exists C ą 0 such that for w PW
´
`
AnnpV q
˘
,
dist
`
Φtpwq,AnnpV q
˘
ď C exppλtq, t ď 0. (81)
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• The manifolds W˘
`
AnnpV q
˘
admit C0 foliations
`
W˘pxq
˘
xPAnnpV q
such that for
w PW˘pxq
dist
`
Φtpwq,Φtpxq
˘
ď C expp˘λtq, t ě 0. (82)
• If moreover V0 and F are of class C
p, p ě 1, and if in addition of the previous
conditions the domination inequality, the condition
p }BxX}C0pRmq ď λ (83)
holds, then the functions U , S, U`, S´ are of class Cp and
}pU,Sq}CppRmq ď Cp}F }CppRm`2q. (84)
for a suitable constant Cp ą 0.
• Assume moreover that the vector fields V0,V are R-periodic in x, where R is a lattice
in Rm. Then their flows and the manifolds AnnpV q and W˘
`
AnnpV q
˘
pass to the
quotient pRm{Rq ˆ R2 Assume that the time-one map of V0 on R
m{R ˆ t0u is C0
bounded by a constant M . Then, with the previous assumptions, the constant Cp
depends only on p, λ and M .
The last statement will be applied in the case where m “ 2ℓ and R “ cZℓˆt0u, where
c is a positive constant, so that the quotient R2ℓ{R is diffeomorphic to the annulus Aℓ.
2. The following result describes the symplectic geometry of our system in the case where
V is a Hamiltonian vector field. We keep the notation of the previous theorem.
The symplectic normally hyperbolic persistence theorem. Endow R2m`2 with a
symplectic form Ω such that there exists a constant C ą 0 such that for all z P O
|Ωpv,wq| ď C}v}}w}, @v,w P TzM. (85)
Let H0 be a C
2 Hamiltonian on R2m`2 whose Hamiltonian vector field V0 satisfies (74)
with conditions (75), and consider a Hamiltonian H “ H0 ` P. Then there exists a
constant δ˚ ą 0 such that if
}BxX}C0pRm`2q ď δ˚, }P}C2pRm`2q ď δ˚, (86)
the following properties hold.
• The manifold AnnpV q is Ω-symplectic.
• The manifoldsW˘
`
AnnpV q
˘
are coisotropic and the center-stable and center-unstab-
le foliations
`
W˘pxq
˘
xPAnnpV q
coincide with the characteristic foliations of the man-
ifolds W˘
`
AnnpV q
˘
.
• If H is Cp`1 and condition (83) is satisfied, then W˘
`
AnnpV q
˘
are of class Cp and
the foliations
`
W˘pxq
˘
xPAnnpV q
are of class Cp´1.
• There exists a neighborhood O of AnnpV q and a symplectic straightening symplectic
diffeomorphism Ψ : O Ñ O such that
Ψ
`
AnnpV q
˘
“ Aℓ ˆ tp0, 0qu;
Ψ
`
W´
`
AnnpV q
˘˘
Ă Aℓ ˆ
`
Rˆ t0u
˘
, Ψ
`
W´
`
AnnpV q
˘˘
Ă Aℓ ˆ
`
t0u ˆ R
˘
;
Ψ
`
W´pxq
˘
Ă tΨpxqu ˆ
`
Rˆ t0u
˘
, Ψ
`
W`pxq
˘
Ă tΨpxqu ˆ
`
t0u ˆ R
˘
.
(87)
See [Mar] for a proof.
24
References
[AR67] Ralph Abraham et Joel Robbin : Transversal mappings and flows. An
appendix by Al Kelley. W. A. Benjamin, Inc., New York-Amsterdam, 1967.
[Arn64] V. I. Arnol1d : Instability of dynamical systems with many degrees of
freedom. Dokl. Akad. Nauk SSSR, 156:9–12, 1964.
[Arn94] V. I. Arnol1d : Mathematical problems in classical physics. In Trends
and perspectives in applied mathematics, volume 100 de Appl. Math. Sci.,
pages 1–20. Springer, New York, 1994.
[Ber10a] Pierre Berger : Persistence of laminations. Bull. Braz. Math. Soc. (N.S.),
41(2):259–319, 2010.
[BB13] Pierre Berger et Abed Bounemoura : A geometrical proof of the per-
sistence of normally hyperbolic submanifolds. Dyn. Syst., 28(4):567–581,
2013.
[Ber10b] Patrick Bernard : Large normally hyperbolic cylinders in a priori stable
Hamiltonian systems. Ann. Henri Poincare´, 11(5):929–942, 2010.
[BKZ] Patrick Bernard et Vadim Kaloshin et Ke Zhang : Arnold diffusion
in arbitrary degrees of freedom and crumpled 3-dimensional normally hy-
perbolic invariant cylinders. arXiv :1112.2773
[Cha04] Marc Chaperon : Stable manifolds and the Perron-Irwin method. Ergodic
Theory Dynam. Systems, 24(5):1359–1394, 2004.
[Cha08] Marc Chaperon : The Lipschitzian core of some invariant manifold the-
orems. Ergodic Theory Dynam. Systems, 28(5):1419–1441, 2008.
[C] Chong-Qing Cheng : Arnold diffusion in nearly integrable Hamiltonian
systems. ArXiv : 1207.4016
[DdlLS06a] Amadeu Delshams, Rafael de la Llave et Tere M. Seara : A geometric
mechanism for diffusion in Hamiltonian systems overcoming the large gap
problem: heuristics and rigorous verification on a model. Mem. Amer.
Math. Soc., 179(844):viii+141, 2006.
[DdlLS06b] Amadeu Delshams, Rafael de la Llave et Tere M. Seara : Orbits of
unbounded energy in quasi-periodic perturbations of geodesic flows. Adv.
Math., 202(1):64–188, 2006.
[GdlL06] Marian Gidea et Rafael de la Llave : Topological methods in the in-
stability problem of Hamiltonian systems. Discrete Contin. Dyn. Syst.,
14(2):295–328, 2006.
[GM] Marian Gidea et Jean-Pierre Marco : Diffusion orbits along chains of
hyperbolic cylinders. ArXiv
[GR07] Marian Gidea et Clark Robinson : Shadowing orbits for transition chains
of invariant tori alternating with Birkhoff zones of instability. Nonlinearity,
20:1115–1143, 2007.
25
[GR09] Marian Gidea et Clark Robinson : Obstruction argument for transition
chains of tori interspersed with gaps. Discrete Contin. Dyn. Syst. Ser. S,
2 :393–416, 2009.
[GR13] Marian Gidea et Clark Robinson : Diffusion along transition chains of
invariant tori and Aubry-Mather sets. Ergodic Theory Dynam. Systems,
33(5):1401–1449, 2013.
[Gou07] Nikolaz Gourmelon : Adapted metrics for dominated splittings. Ergodic
Theory Dynam. Systems, 27(6):1839–1849, 2007.
[GS] Martin Golubitsky and Victor Guillemin : Stable mappings and their
singularities. Springer-Verlag, New York-Heidelberg, 1973. Graduate Texts
in Mathematics, Vol. 14.
[Her83] Michael-R. Herman : Sur les courbes invariantes par les diffe´omorphismes
de l’anneau. Vol. 1, volume 103 de Aste´risque. Socie´te´ Mathe´matique de
France, Paris, 1983. With an appendix by Albert Fathi, With an English
summary.
[Her86] Michael-R. Herman : Sur les courbes invariantes par les diffe´omorphismes
de l’anneau. Vol. 2. Aste´risque, (144):248, 1986. With a correction to: ıt On
the curves invariant under diffeomorphisms of the annulus, Vol. 1 (French)
[Aste´risque No. 103-104, Soc. Math. France, Paris, 1983; MR0728564
(85m:58062)].
[HPS77] M. W. Hirsch, C. C. Pugh et M. Shub : Invariant manifolds. Lecture
Notes in Mathematics, Vol. 583. Springer-Verlag, Berlin-New York, 1977.
[KH95] Anatole Katok et Boris Hasselblatt : Introduction to the modern
theory of dynamical systems, volume 54 de Encyclopedia of Mathematics
and its Applications. Cambridge University Press, Cambridge, 1995. With
a supplementary chapter by Katok and Leonardo Mendoza.
[KZ] Vadim Kaloshin et Ke Zhang : A strong form of arnold diffusion for
two and a half degrees of freedom.
[LC86] Patrice Le Calvez : Existence d’orbites quasi-pe´riodiques dans les at-
tracteurs de Birkhoff. Comm. Math. Phys., 106(3):383–394, 1986.
[LC87] Patrice Le Calvez : Proprie´te´s dynamiques des re´gions d’instabilite´. Ann.
Sci. E´cole Norm. Sup. (4), 20(3):443–464, 1987.
[LC91] Patrice Le Calvez : Proprie´te´s dynamiques des diffe´omorphismes de
l’anneau et du tore. Aste´risque, (204):131, 1991.
[LC07] Patrice Le Calvez : Drift orbits for families of twist maps of the annulus.
Ergodic Theory Dynam. Systems, 27(3):869–879, 2007.
[LM] Laurent Lazzarini et Jean-Pierre Marco : More hyperbolic kam tori in
nearly-integrable systems. In preparation
26
[MS] D. McDuff et D. Salamon : Introduction to symplectic topology. Oxford
Mathematical Monographs. The Clarendon Press Oxford University Press,
New York, second e´dition, 1998.
[Mar] Jean-Pierre Marco : Chains of compact cylinders for cups-generic nearly
integrable convex systems on A3. Preprint on ArXiv
[Mar16] Jean-Pierre Marco : Twist maps and Arnold diffusion for diffeomor-
phisms. Proceedings of the conference Geometric control and related fields,
Linz, 2014.
[Mat04] John Mather : Arnol1d diffusion. I. Announcement of results. Sovrem.
Mat. Fundam. Napravl., 2:116–130, 2003.
[M02] Richard Moeckel : Generic drift on Cantor sets of annuli. In Celestial
mechanics (Evanston, IL, 1999), volume 292 de Contemp. Math., pages
163–171. Amer. Math. Soc., Providence, RI, 2002.
[NP12] Meysam Nassiri et Enrique R. Pujals : Robust transitivity in Hamilto-
nian dynamics. Ann. Sci. E´c. Norm. Supe´r. (4), 45(2):191–239, 2012.
[R] Clark Robinson : Generic properties of conservative systems. Amer. J.
Math., 92, :562-603, 1970
[T04] D. Treschev : Evolution of slow variables in a priori unstable Hamilto-
nian systems. Nonlinearity, 17(5):1803–1841, 2004.
[Zeh76] Eduard Zehnder : Moser’s implicit function theorem in the framework
of analytic smoothing. Math. Ann., 219(2):105–121, 1976.
27
